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1. Probability As Seen By Students

4.1 Axioms of probability

Plausible, well
accepted axioms
about sample
space and events

N

Frightening
computations.

Sample space is
not specified.

A probability space is a triple (2,.%#, P), in which Q is the sample space, .# is a
collection of subsets of 2, and P is a probability measure P : .#% — [0, 1].

[Weber]
0:0: o) ¥

Axioms of Probability:

+ Axiom 1: For any event A, P(A) > 0.
« Axiom 2: Probability of the sample space S is P(S) = 1.

+ Axiom 3: If Ay, As, As,--- are disjoint events, then

[Pishro-Nik]

In a given realization of a random network some nodes gain numerous links, while others acquire only a few or
no links (Image 3.3). These differences are captured by the degree distribution, py, which is the probability that a

randomly chosen node has degree k. In this section we derive pj for a random network and discuss its properties.

[Barabasi]



Network Science: Example of Student Assignment

Assignment: Consider a random graph with N vertices R~
where every pair of vertices is connected with probability q. Al :;‘?@:’-_:‘
Compute the probability p; that a vertex has degree k. PO _::'.'. WV
What is the sample space ? [Barabasi]

What does probability p; really mean ?

How do | compute py ?



Textbook Solution

Assignment: Consider a random graph with N vertices
where every pair of vertices is connected with probability q.
Compute the probability p; that a vertex has degree k.

Answer:

N — 1 e N—1—Fk “In a random network the probability that node 1
Pk = I q (1 — q) has exactly k links is the product of three terms:

e The probability that k of its links are present,
or q~.

e The probability that the remaining (N — 1 —
k) links are missing, or (1 —q)N "1~

e The number of ways we can select k links

? @ from N — 1 potential links a node can have,
o or ( N -1 )

k

[Barabasi]



Performance Evaluation : Example of Student Assignment

Write a simulator.

A common and (enjoyable) exercise in a performance
evaluation course.

Well specified. Replaces mythical sample space by pseudo-
random number generator. Probabilistic statements about
output are well defined.

lparameters
Q= [0,V

W1, Wy, ... Random
Simulator > output

RNG

A 4




Solving the Network Science Assighnment: The PE way

Q=101]"

W1, Wy, ...

Parameters (N, g, ..

RNG

Simulator

Assignment: Consider a random graph with N vertices where
every pair of vertices is connected with probability q.
Compute the probability pj that a vertex has degree k.

)

»Degree of a vertex
e€{0,1,..,.N —1}

We could run the simulator a very large of times and obtain the answer

with a confidence interval.

But we can also use the simulator as a thought experiment to tackle the
theoretical problem. Reveals that assighment needs more assumptions.



Interpretation 1

N (nu mber Of ve rtICES) Assignment: Consider a random graph with N vertices where

rOba Of ed e every pair of vertices is connected with probability q.
q (p g ) Compute the probability pj that a vertex has degree k.

For every (i, ) with
1<i<j<N, draw One
RNG » an edge with prob q. > random
The draws are graph
independent.
Answer 1: p;, = % X # vertices that have degree k

(Do, - » Pi» --e» Py—1) IS random !
Not the textbook anwer |



Interpretation 2

One gra ph with N vertices Assignment: Consider a random graph with N vertices where

t t f t d . . every pair of vertices is connected with probability q.
S.L. propor 10N OT connecte paIrS IS q Compute the probability pj that a vertex has degree k.

Draw one
RNG N vertex _, Degree of this vertex
uniformly at €{0,1,..,.N —1}
random

Answer 2: p;, = probability that the outputis k
Depends on the input graph, not just N, g, k
Not the textbook anwer !



Interpretation 3 N (number of vertices)

q (proba Of edge) Asagnmgnt: Constlder.a random grap.h with N v.e.rtlces where
every pair of vertices is connected with probability q.

l Compute the probability p, that a vertex has degree k.
M1Q
1. Forevery (i,j)withl <i<j <N,
draw an edge with prob q. Degree of one
RNG » 2. Draw one vertex from this graph, > random vertex in
uniformly at random. one random
All draws are independent. graph

Answer 3: p, =7
Seems compatible with the texbook answer.
How do we compute it ? Let us look at the textbook answer.



Interpretation of the Textbook Answer

“In a random network the probability that node i

N —1 k N—1—Fk has exactly k links s the product of three terms:
Pk = ¢ (1—q)

k o The probability that k of its links are present,
or ¢~
e The probability that the remaining (N — 1 —
k) links are missing, or (1 — q)N ~17*
e The number of ways we can select k links
from N — 1 potential links a node can have,

N (number of vertices) or ( Nk_ L ) [Barabasi]
q (proba of edge)

M1Q |
. < <
For every j Wlth.Z <j <N, Degree of
RNG —— draw an edge with prob g.
vertex 1

All draws are independent.

Not the same simulator as intepretation 3 |
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An Understandable Proof of the Textbook Answer

N (number of vertices)
q (proba of edge)

via |

RNG

1. Forevery (i,j)withl <i<j <N,
draw an edge with prob q.

» 2. Draw one vertex from this graph,

uniformly at random.
All draws are independent.

—

Student’s model

Degree of one
random vertex in
one random
graph

N (number of vertices)
q (proba of edge)

RNG

Mi1Q’ l

| Wi <ji<
Lo o e with b q. | Degree of
s b - vertex 1

All draws are independent.

Model that supports the textbook answer

Proof: the outputs of the two simulators have same distribution
Student’s model outputs D = }1<ic; Xi; + Xi<i<n X1i Where I ~Uniformin {1, ..., N}
and X; ; are Bernoulli (q), all independent.

Textbook model outputs D" = Y,.;.n Y; Where Y; arei.i.d. Bernoulli (q).

P(D=k|I=iy)=PD =k)
P(D =k)=%P(D=k|I=i)PU =i) =P =k)¥;, P =1iy) =PD =k).
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“In a given realization of a random network o 2T
&

some nodes gain numerous links, while others ac- ATV 5
quire only a few or no links (Image 3.3). These AN,
differences are captured by the degree distribu- . " P
tion, pr, which is the probability that a randomly ) :".,°
chosen node has degree k7. [Barabasi]

Tetxbook uses two inconsistent interpretations: the formula applies to ‘P
interpretation 3, but is used with interpretation 2.

Take home message: Inconsistent interpretations of probabilities can be
avoided by using simulators as thought experiments to specify the model.
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2. Data Science Example

Estimate growth rate of viral infection

3000

2500

2000

1500

1000

500

o=0.5173

Mean doubling time 1.34 hours

Prediction at +6 hours: 100 000 hosts

Least square fit

20

4

a=0.39
Mean doubling time 1.77 hours

Prediction at +6 hours: 39 000 hosts

Least square fit

18

20
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Classical Statistics Helps Determine Best Model

Classical statistics expressed in Performance Evaluation parlance :
data at hand is one output of simulator with unknown parameter 6
Goal is to estimate 6

Unknown parameter 6

Random
Simulator > output

RNG

A 4
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Screening Residuals Helps Determine Correct Model

3000 S0 04
+ +*
n . | 00f - 0.3
LS fitin natural scale ' | ; . &
— | SO + * "
! + + &
I + * [ +
2000 >/ P + 0.1 .
+
;/V o + * .
1500 F Ny =r .
+ -0 +
- . / e
100
LS fitin log scale / 2 .
1000 !
y 150 +
/ -0.3 .
."/
Y oL
500 V4 o0 . -04 .
, i g e g & — i a e e .
0 _ — /‘ ) 0 4 6 8 10 12 14 16 18 1] 4 6 8 10 12 14 16 18 20
0 2 4 6 8 10 12 14 16 18 20
Model 1: Model 2:

Y, = ae®i + €, ¢; ~ iid N(0,02)

logY;, =loga + at; + €;, € ~ iid N(0,0?)

Model 1 is not compatible with the model assumption (noise terms are iid

normal).
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3. Palm Calculus, PASTA, Importance of the Sampling Method

Who says the truth ?

SovRail: according to our

systematic tracking system, our consumer survey

probability of a train being orobability of being late =
late < 5% 30%

BorduKonsum: according to

16



Palm Calculus

Palm’s inversion formula compares
distributions seen with different
sampling methods (example: seen by an
arriving customer vs at an arbitrary point
in time). [Brémaud] [Le Boudec].

Applies well beyond queuing theory.

Example:
fr: PDF of flow size sampled per flow
fp: PDF of flow size sampled per packet

fp(s) = 1s fr(s)

Proportion of flows with >= x packets

Load Sensitive Routing of Long-Lived IP Flows
Anees Shaikh, Jennifer Rexford and Kang G. Shin
Proceedings of Sigcomm'99
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Simulation View of Palm Calculus

. R

: : : B(t;) g 1 .
Imagine a simulation and compare

B(t3) —

the statistics obtained with different \
viewpoints. _/_-_[

B(t)

ty ty Itz
Example: Little’s formula N = AR

Simulator updates counters responseTimeCtr = YRPCUst g and
backlogCtr = fOTB(t)dt

At every event, do responseTimeCtr += (t, — t3)B(t; ) and backlogCtr +
= (t, —t3)B(t;),i.e same updates, i.e both counters are equal.

At simulation end do
R = responseTimeCtr/nbCust, A = nbCust/T and N = backlogCtr/T

nbCust  responseTimeCtr _ responseTimeCtr

Thus AR = - X re— = - =N

18



Who Says the Truth?

Imagine a simulation with N arrival events. SovRail: according to our

systematlc trackmg system,
Dn — 1event n is late probability of a train being
P, = number of passengers leaving train at eventn late < 5%

. . y o 1N
Sovrail estimate’s is D = N2n=1 Dn BorduKonsum: according to

N our consumer survey,
BorduKonsum’s estimate is D* = 2";1 PnDn probability of being late =
Yn=1Pn 30%

—p - _ N
Thus D* = D Hate with p = % N_ P, and Pye = 2n=1 PnDr

P >N _ Dn

If there are 6 times more passengers in late trains, both estimations are
compatible |

19



Conclusion

Simulators as thought experiments help students

* remove the magic from probabilistic statements;
e understand and apply classical estimation theory;
e discover Palm calculus formulas.

20
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